We study diffusion in heterogeneous multifractal continuous media that are characterized by the secondorder dimension of the multifractal spectrum D 2 , while the fractal dimension of order 0, D 0 , is equal to the embedding Euclidean dimension 2. We find that the mean anomalous and fracton dimensions, d w and d s , are equal to those of homogeneous media showing that, on average, the key parameter is the fractal dimension of order 0 D 0 , equal to the Euclidean dimension and not to the correlation dimension D 2 . Beyond their average, the anomalous diffusion and fracton exponents, d w and d s , are highly variable and consistently range in the interval [1, 4] . d w can be consistently either larger or lower than 2, indicating possible subdiffusive and superdiffusive regimes. On a realization basis, we show that the exponent variability is related to the local conductivity at the medium inlet through the conductivity scaling.
I. INTRODUCTION
Diffusion in disordered media pertains to a large range of phenomena, including for example fluid flow and electrical conductivity, and has been an active field of research in the past decades [1] [2] [3] . Diffusion has been mostly studied in archetypal deterministic and random fractal media like the Sierpinski gasket [4] [5] [6] , the percolation cluster at threshold [1, 7] , and the percolation cluster at threshold with long-range correlations [8] [9] [10] . Such fractals are discontinuous media characterized by a binary conductivity distribution: a unit homogeneous conductivity on the fractal and zero conductivity outside. Some studies have addressed the problem of fractal media having a heterogeneous distribution of conductivities on the percolation cluster near the percolation threshold [11, 12] . One recent study handled diffusion in nonfractal continuous media with long-range correlations generated by a fractional Brownian motion [13] . Whatever the fractal structure, diffusion has been found to be anomalously slow [2] . The classical measure of the anomalous diffusion is the exponent d w characterizing the evolution of the mean square radius of diffusion ͗R 2 ͑t͒͘ with the time t as: ͗R 2 ͑t͒͘ ϳ t 2/d w . The anomalously slow diffusion is traduced by values of d w larger than 2. Diffusion in homogeneous media is recovered for d w =2.
In this paper, we study diffusion in bidimensional continuous media having long-range correlations without limits outside the system cutoffs. Practically continuous media will be simulated by a regular square grid. The physical parameter is the conductivity K distributed over the grid. The dimension of the support is the fractal dimension of order 0, D 0 , and is equal to the embedding Euclidean dimension d. The dimension of correlation of the conductivity field, equal to the second-order dimension of the multifractal spectrum D 2 [14] , is lower than the Euclidean dimension and more precisely in the range ͓d −1,d͓. Because the zero and second-order fractal dimensions are different, these media are multifractal. We call them continuous multifractals. On one hand, continuous multifractals, like fractals, have longrange spatial correlations, but they differ from fractals by their continuity. On the other hand, multifractals are different from classical correlated media used, for example, in hydrogeology [15, 16] because their correlation pattern does not have any characteristic scale outside its endmost cutoffs. The interest for these continuous multifractals is double. First, they are a typical kind of continuous structure without homogenization scale. Second, they begin to be observed in natural underground media [17] [18] [19] . Permeability distribution has been found to be multifractal in highly documented alluvial and glacial outwash aquifers on scale ranges varying from one to two orders of magnitude [17] . The fracture aperture distribution linked to the fracture permeability has also been observed to be multifractal on borehole televiewer images [19] . The understanding of the transient diffusion response is important in groundwater hydrology as it is used to extract permeability values from transient well tests [20] .
The class of multifractals studied here is characterized by a continuous field and by the second-order dimension D 2 of the multifractal spectrum. D 2 basically defines the autocorrelation scaling of the multifractal measure. The generation of the multifractals is based on a multiplicative cascade process [21, 22] . Diffusion is simulated numerically using the backward differentiation method [23] which proves to be efficient for stiff problems. Because of the widely scattered range of the diffusion-time scales between realizations, we calculate the anomalous diffusion exponent d w and the fracton dimension d s for each realization and analyze their resulting distributions. The fracton dimension characterizes the evolution with time of the probability of return to the origin d s =2/d w [2, 24] .
We found that the mean anomalous and fracton dimensions are equal to those of homogeneous media showing that, on average, the key parameter is the fractal dimension of order 0, D 0 , equal to the Euclidean dimension and not to the correlation dimension D 2 . Beyond their average, the exponents are highly variable between realizations. The anomalous diffusion and fracton exponents d w and d s range in the interval [1, 4] . d w can be consistently either larger or lower than 2, indicating possible subdiffusive and superdiffusive regimes [25] .
We show that the exponent variability is linked to the local conductivity at the medium inlet. Long-range correlations induce a broad conductivity distribution from which the conductivity at the medium inlet is drawn. Depending on the value of the conductivity at the inlet compared to the mean conductivity, diffusion samples a medium of increasing or of decreasing conductivity inducing a superdiffusive or a subdiffusive behavior. Fractal correlations ensure a regular and consistent conductivity scaling of exponent 0 with ͗K͑r͒͘ ϳ r − 0 . When conditioning the simulations by the inlet conductivity, we find general relations first between the inlet conductivity and the exponent of the conductivity scaling, 0 , and secondly between 0 and the anomalous diffusion exponent:
The exponents d w and d s depend thus on a realization characteristic, the conductivity at the medium inlet, and are only very slightly dependent on the multifractal spectrum.
In Sec. II, we describe the multifractal models and the numerical tools used for the simulation of diffusion and the exponent calculation. In Sec. III, we show the results for bidimensional continuous multifractal media and conclude on the independence of the mean exponents on the correlation dimension D 2 and the large variability of the exponents. By conditioning the simulations by the conductivity at the medium inlet, we explain the anomalous diffusion and fracton exponent variability.
II. MODEL AND METHODS

A. Characterization and generation of bidimensional continuous multifractals
A multifractal object is characterized by the infinite set of
called the multifractal spectrum [14, 26] . By definition, the multifractal spectrum is related to a measure (here the conductivity ) on a support (the object itself). For the bidimensional continuous multifractal handled here, D 0 = 2 and D 2 define the scaling of the correlation function C͑r͒,
where d is the embedding Euclidean dimension.
To generate a continuous bidimensional multifractal, we have implemented a method fully described in Ref. [27] and based on a multiplicative cascade process [21, 22] . The principle of the multiplicative cascade process is a recursive operation of fragmentation of a generic shape in n subdomains. Then a probability P i , with i =1, ... ,n, is attributed to each subdomain. The fragmentation cascade can be iterated at infinity (practically set to five iterations); at each stage of the fragmentation process, a fragment takes one of the n probabilities P i multiplied by the probability of the parent domain.
The set of probabilities P i defines the multifractal spectrum of the generated probability field. In theory, if l is the scale ratio of the elementary fragmentation process (i.e., ratio between the size of the parent domain and of each fragmented subdomains, practically equal to 3 here), the dimensions D q of the eventual probability field are related to the set
The method is flexible and allows generating a large range of multifractal fields. We choose a model with a fragmentation in nine blocks of identical size [l = 3 in Eq. (1)] and to place the inlet at the center of the grid in order to inject the diffusion pulse at the center of the multifractal pattern. We fix the dimension D 2 [q = 2 in Eq. (1)] as the main characteristic of the generated probability field, but we let the other dimensions D 1 and ͕D q ͖ qϾ2 undetermined, which means that they can take whatever value between 1 and 2. Also we choose an isotropic fragmentation process, meaning that the probabilities ͕P i ͖ i=1,. . .,9 are randomly permuted before being mapped on the subdomains.
In practice, the multiplicative cascade process is iterated four or five times so that the multifractal structure is defined from a minimal scale l min set equal to the unit reference and equal to the mesh size, up to the medium size equal to L =81l min =3 4 l min or L = 249l min =3 5 l min (Fig. 1) . Note that below the mesh scale l min , the medium is homogeneous. The conductivity K is obtained from the probability P by a simple multiplication by ͑L / l min ͒ 2 K unit , where K unit is the unit conductivity. As ⌺P =1, ͗K͘ remains equal to K unit whatever the system size L. 
B. Simulation of diffusion
The classical diffusion equation ‫ץ‬P / ‫ץ‬t = ١ ͑K ٌ P͒ with P͑r , t͒ the unknown was discretized on the grid with a finite volume method using a two-steps centered scheme in space and a multistep scheme in time. The advantage of the numerical scheme over exact enumeration and random-walk techniques [2] relies on the possibility of dealing with media having a broad-range distribution of conductivity. The intermesh conductivity was taken as the harmonic mean of the neighboring mesh conductivities [28] . The widely scattered heterogeneity produces a stiff numerical problem for which multistep schemes like the backward differentiation formula are well suited [29] . We have chosen to use the free package called LSODE [23] , which implements an implicit BDF scheme. It has a number of features which guarantee efficiency and accuracy, such as a varying order (from 1 to 5), an adaptative step size, and a sparse linear solver. Solving on a grid of size L = 243l min takes around half an hour on a personal workstation. For each set of parameters, Monte Carlo simulations are made up of at least 100 grids.
C. Computation of the anomalous diffusion and fracton exponents d w and d s
The exponents d w and d s are defined by the scaling of the mean square radius of diffusion ͗R 2 ͑t͒͘ = t 2/d w and the probability at the grid inlet P 0 ͑t͒ = t −d s /2 for a pulse injected at the medium center [2] . Exponents are classically obtained on ͗R 2 ͑t͒͘ and P 0 ͑t͒ by Monté Carlo simulations. In the case of continuous multifractals treated here, the exploitable time scale ranges from the time at which the pulse leaves the inlet mesh t in to the time at which the diffused pulse leaves the gird t out . Practically, t in and t out have been defined, respectively, as the time for which the radius of diffusion is equal to the mesh size and as the time at which 2% of the diffused pulse has left the system. Between realizations and because of different conductivity ranges, the exploitable time range log 10 ͑t out / t in ͒ is highly variable between 2 and 4 for grids of size L = 243l min . The resultant radius of diffusion and inlet probability cannot thus be averaged. Alternatively, we have derived the exponents directly on each realization, and studied their statistics over different realizations. We have validated this method on off-lattice percolation clusters at threshold in two dimensions of size L =75l min 
III. RESULTS
A. Exponents d w and d s as functions of the correlation dimension D 2
Results of the simulation of diffusion in grids of size L = 243l min (Fig. 1) close to 2 whatever the correlation dimension D 2 (Fig. 3) . On average, the dimensions obtained on continuous multifractals are those of the homogeneous medium. The same result was found for continuous different long-range correlated media generated with a fractional Brownian motion characterized by the Hurst coefficient H and having a correlation dimension D 2 =2+2H with H in [0,1] [13] . However, the average does not describe fully the exponent distributions as the exponents are highly variable between realizations. The anomalous diffusion and fracton exponents d w and d s range in the interval [1, 3] indicating possible subdiffusive and superdiffusive regimes for d w , respectively, larger and lower than 2 [25] . The absence of influence of D 2 shows that the exponents d w and d s are not function of the dimension of correlation D 2 . Are they connected to another medium characteristic?
B. Exponents d w and d s as functions of the inlet conductivity
We have calculated the anomalous diffusion exponent d w as a function of the conductivity at the grid inlet K in . Results given by Fig. 4 show a very good correlation between K in and d w and more precisely a systematic increase of d w from around 1 to 3 whatever the correlation dimension D 2 and only slightly sensitive to D 2 . The following paragraphs are dedicated to explain and quantify this correlation. We argue that the conductivity regularly increases or decreases from the conductivity inlet K in to the large-scale average conductivity inducing, respectively, a speed up or a slow down of diffusion. We will show, first, how conductivity evolves with scale and, second, how the conductivity scaling and the anomalous diffusion exponent d w are related.
Relation between the inlet conductivity K in and the conductivity scaling exponent 0
The multifractal conductivity pattern has two key characteristics: it is correlated over all scales and it has a large distribution of conductivities. In fact the conductivity distribution spans several orders of magnitude as shown in Fig. 5 . The conductivity at the inlet of the grid is randomly drawn from this conductivity distribution whereas the large-scale conductivity is on average equal to the unit conductivity K unit according to the generation procedure. Conductivity can thus increase or decrease from its value at the grid inlet to its large-scale averaged value. To quantify the conductivity scaling, we have computed the mean conductivity ͗K͘ on rings of evolving radii r (Fig. 6) . The multifractal nature of the correlation pattern warrants the regular and consistent evolution of ͗K͘ with scale such as ͗K͑r͒͘~r is equal to K in at the system inlet and to K unit at the system size, the exponent 0 is given by 0 = − log 10 K unit − log 10 K in log 10 L − log 10 l min ͑2͒
whatever the correlation dimension D 2 , which is confirmed by numerical simulations. Note that we verified on D 1 [defined by Eq. (1)] that the conditioning by the inlet conductivity K in does not fix the other multifractal dimensions.
Relation between the conductivity scaling exponent 0 and the anomalous diffusion and fracton exponents d w and d s
The conductivity increase or decrease characterized by 0 is a sampling effect of the conductivity distribution that induces, respectively, a speed up or a slow down of diffusion characterized by d w . On the percolating cluster at threshold as well as on the Sierpinski gasket, the fractal structure induces a decrease of the equivalent conductivity K ͑r͒ with scale characterized by the exponent −͑K ͑r͒~r − ͒ and an anomalously slow diffusion of exponent d w [1, 4] . Both exponents are related by d w = 2 + ͑3͒ with = 0.878 for the percolation cluster at threshold [30] and = 0.32 for the Sierpinski gasket [4] . The equivalent conductivity K ͑r͒ is derived from the total integral resistance derived in radial flow conditions (by the equivalence between the electrical conductivity and diffusion problems) [4] . According to this definition, integrates the flow conditions within the medium whereas 0 is a simple geometrical average. For continuous multifractals, numerical simulations show first that and 0 are simply related when K decreases with scale ͑ 0 Ͼ 0͒ (Fig. 7) = 0 + D 2 − 2 ͑4͒
and secondly that the relation established for the Sierpinski gasket d w =2+ still holds (Fig. 8) . When K increases with scale ͑ 0 Ͻ 0͒, the equivalent conductivity like an in-series system is dominated by the lowest conductivity which is the conductivity at the origin. remains slightly larger than 0 (Fig. 7 ) and the relation (3) is no longer verified. However, d w remains related to 0 in the same way as for 0 Ͼ 0 (Fig.  8) .
We have numerically verified that the relation d w =2+ is also relevant to "homogeneous" annular media whose conductivity is defined by K͑r͒ = r − 0 and = 0 (Fig. 9) . For "heterogeneous" media having the same conductivity scaling on average ͗K͑r͒͘~r 
IV. CONCLUSION
The anomalous diffusion and fracton exponents when averaged over all possible configurations are not function of the correlation dimension. However, beyond the average, the exponent range is very large and extends practically from 1 to 4. The large exponent variability can be explained by a local property: the conductivity at the grid inlet. In fact the multifractal correlation and the large conductivity distribution create a conductivity upscaling or down-scaling from the inlet conductivity K in to the large-scale average conductivity K unit . The resulting conductivity scaling induces an anomalous diffusion of exponent d w given from Eqs. 
